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Abstract 

We consider a self-interacting, perturbative Klein-Gordon quantum field in a 
curved spacetime admitting a Killing vector field. We show that the action of this 
spacetime symmetry on interacting field operators can be implemented by a Noether 
charge which arises, in a certain sense, as a surface integral over the time-component 
of some interacting Noether current-density associated with the Killing field. The 
proof of this involves the demonstration of a corresponding set of Ward identities. 
Our work is based on the perturbative construction by Brunetti and Fredenhagen 
(Commun.Math.Phys. 208 (2000) 623-661) of self-interacting quantum field theories 
in general globally hyperbolic spacetimes. 
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1 Intorduction 



It is widely believed that the theory of quantum fields in a classical curved spacetime 
background (for an introduction to this subject, see e.g. [TBI 1121) provides an excellent 
description of physical processes in which both gravitational effects as well as the quantum 
nature of matter on the microscopic level are important, but in which quantum effects 
of the gravitational field and back-reaction are not important. Among others, it led to 
the spectacular prediction jHj, by Hawking in 1975, that black holes "are not black", but 
instead emit thermal radiation at temperature Th = where k is the surface gravity of 
the horizon. Moreover, the analysis of the conceptual basis of quantum field theory (QFT) 
in curved spacetime has also lead to a reassessment of the general structure of QFT, since 
it forces one to emphasize the principle of locality, and abandon concepts such as preferred 
global vacuum states, the conventional notion of "particle" , unitary time-evolution, etc. 

Most effects predicted by QFT in curved spacetime can already be seen in linear (i.e., 
non self-interacting) models, and in fact the vast majority of the work done in the subject 
has been devoted to such models. However, they are not realistic and one therefore also 
ought to consider self-interacting quantum fields on curved backgrounds (of course one 
expects that the essential physical effects predicted by linear models remain). Unfortu- 
nately, it does not seem to be clear at present — even in Minkowski space — ^just what a 
self-interacting quantum field really is, phrased in sensible mathematical terms, exept 
in some rather special models in low spacetime dimensions. On the other hand, it has 
long been known, at least in Minkowski space, how to construct self-interacting quan- 
tum field theory models on the level of perturbation theory. The challenge to construct 
perturbatively also self-interacting quantum fields in curved spacetime has been taken 
up by several authors [H El OJ, most recently^ by jB], who have developed a variant of 
the causal approach to perturbation theory [71 [T71 [H [T3] for curved spacetimes, thereby 
arriving at the same classification of theories into (perturbatively) renormalizable and 
non-renormalizable ones as in Minkowski space. ^ 

One interesting result of [3] (which seems to be new even in fiat spacetime) is that 
it is always possible construct algebras 21^ (O) of interacting quantum fields (given by 

^We note that, while appUes to any smooth, globally hyperbolic spacetime, this is not the case 
for the construction by 0] who approach the problem from the point of view of Euclidean spaces 
rather than Lorentzian spacetimes. Now, if a Lorentzian spacetime can be viewed as a real section of 
some complex space which also posses a real Euclidean section, then the quantities of interest for the 
interacting theory in that Lorentzian spacetime can be obtained, via analytic continuation, from suitably 
defined corresponding quantities in the Euclidean section. However, apart from the static ones, there are 
essentially no curved spacetimes with this property and we do not want to restrict ourselves to such a 
limited class of spacetimes here. 

^We must point out that the finite renormalization ambiguities found in [3], even for renormalizable 
theories, are much greater than for the corresponding theory in Minkowski space: Instead of free param- 
eters they consist of free functions. This problem has been resolved in JHl) but for the purposes of this 
article we can ignore this issue. 
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formal power series in the coupling strength) localized in some bounded region O in 
spacetime, where the subscript J^' indicates that the theory is defined by a local interaction 
Lagrangian ^ (the construction of these algebras will be reviewed in some detail in 
Sec. EI)- These local algebras have the property that C 21^(02) if Oi C O2, and 

one can therefore define the algebra of all observables of the theory as the inductive limit 
21^ = Uc)2l_sf(C). This is quite remarkable, because it means that one can perturbatively 
construct the theory on the level of observables even in cases where an S'-matrix does not 
properly exist because of incurable infrared divergences. 

In this work we want to study a self interacting Klein- Gordon field on globally hy- 
perbolic spacetimes (M, g^^) which have an everywhere non- vanishing Killing vectorfield 

and for which there exists a ^"-invariant quasifree Hadamard state (an explanation of 
this term will be given below) for the corresponding linear quantum field^. This class of 
spacetimes includes many examples of physical interest, for example the exterior of the 
Schwarzschild solution to Einstein's equation. Under these conditions, there exists an 
action of the corresponding 1-parameter symmetry group of M by automorphsims a^^t 
on the algebra of interacting fields such that aif,t(2tjf(C)) = Qi^{ip^O), where ip^ is 
the fiow of 

Now, it is a well-established feature of QFT in Minkowski spacetime that the (in- 
finitesimal) action of a 1-parameter family of (unbroken) symmetries of a theory can be 
implemented, at least locally, by a charge operator which arises as a surface integral of 
a corresponding conserved Noether current-density. One expects that this should also 
hold in the present situation, where the 1-parameter group of symmetries in question now 
arises from the Killing vector field of the underlying curved spacetime. The aim of this 
paper is to show that this expectation is indeed correct. Namely, we show that for any 
bounded region O and any globally hyperbolic region O "strongly containing" O, there 
is an operator Qjf e 2t^((9) such that the infinitesimal action of a^^t on any element 
^ 2t^(0) is given by [Q_^,a] (we mean the commutator). Moreover, arises, in 
a certain sense, as a surface integral of the time-component of a covariantly conserved 
interacting Noether current-density over an arbitrarily chosen Cauchy surface S of O. 
(We say that O strongly contains O if there is a Cauchy-surface S of and an open set 
t/ C E such that the closure of J{0) fl E is contained in U.) 

The main part of our proof of this result consists in showing that the perturbatively 
defined interacting current JJ« is covariantly conserved, which in turn is equivalent to the 
validity of a corresponding set of Ward identities between certain time ordered products. 
A general framework to prove Ward identities within the causal approach was developed 
by Diitsch and Fredenhagen jH] (they treated the case of the global f/(l)-currents for QED 

■^We remark that, since all our constructions are local, all the results in this paper still hold under the 
weaker assumption that there exists a f -invariant Hadamard state for every globally hyperbolic set O 
in M with compact closure. Hence the assumption that there is a globally defined ^"-invariant quasifree 
Hadamard state (which might not exist, due to infrared problems) is not essential. 
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in Minkowski spacetime), we here adopt their strategy. The crucial step in the proof is 
to remove the anomaly. In the case studied by [H] (and similarly , where the Ward 

identities for the interacting stress tensor in Minkowski space are treated) , this is done by 
an argument based on momentum space techniques. These are not available in the case 
studied here, and one therefore has to proceed by an entirely different argument. 

We remark that, while we explitely deal only with a scalar self- interacting field, a 
generalization of our results to other types of fields should be straightforward. 

Our plan for this paper is as follows: In Sec. 121 we review the quantization of a linear 
Klein-Gordon field on a curved spacetime. After that, we recall the notion of Wick 
products in curved space and then explain in some detail the construction of interacting 
fields, the algebras ^^{O), etc. in curved spacetime (here we follow [3j). In Sec. El 
we define the automorphic action aj^^t of the group of spacetime symmetries on the 
observables in the interacting theory. We then show that this action is implemented by a 
local charge operator Q^. The Ward identities for Jy are proved in the Appendix. 

Notations and conventions: (M, gab) denotes a globally hyperbolic, time-oriented four 
dimensional curved spacetime of signature +2. J^(C) is the causal future respectively 
past of a subset O <ZM, and J{0) = J+{0) U J~{0). By D{0) we mean the domain of 
dependence of a region O C M, defined as the set of all points x such that every future or 
every past directed inextentible causal curve starting at x intersects O. The metric volume 
element is denoted by yUg and the wave operator in curved spacetime by Dg = g^^VaV;,. 
^(M) denotes the space of compactly supported (complex-valued) testfunctions on M 
and ^'(M) is the corresponding dual space of distributions. We shall also find it useful to 
use a multi-index notation. If ct = (ai, . . . , an) is a multi-index, then we set a! = Yli ctJ- 

2 Review of QFT in CST 

2.1 Quantization of linear scalar fields 

The theory of a free quantized Klein-Gordon field in curved spacetime can be formulated 
in various ways. For our purposes, it is essential to formulate the theory within the 
so-called "algebraic approach" (see, for example |IHIII21)- In this approach, one starts 
from an abstract *-algebra 21 (with unit), which is generated by certain expressions in the 
smeared quantum field, $(/), where / is a test function. In JHl^j, expressions of the 
form e**^'^-' were considered. The main advantage of working with such expressions is that 
the so-obtained algebra then has a norm (in technical terms, it is a C*-algebra) . Defining 
the algebra 2t in that way would however be inconvenient for our purposes. Instead, we 
shall take 2t to be the *-algebra generated by the identity and the smeared field operators 
$(/) themselves, subject to the following relations: 

Linearity: The map / \—>- $(/) is complex linear. 
Klein-Gordon Equation: $((□§ - m^)f) = for all / G ^(M). 
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Hermiticity: $(/)* = $(/) for all / G ^(M). 

Commutation relations: $(/2)] = iA(/i,/2)lL for all /i,/2 G ^(M), where 

A is the causal propagator (commutator function), defined as the difference — Ar 
between the uniquely determined advanced and retarded fundamental solutions of the 
Klein-Gordon operator Dg — m^. 

The so-obtained algebra 2l(M, g) is now no longer a C*-algebra, because of the unbounded 
nature of the smeared quantum fields (p{f)- This will however not be relevant in the 
following. We will often use the informal notation 



for the smeared quantum fields, and also for other distributions. The local algebras 
2t((9) are by definition the subalgebras of 21 generated by quantum fields smeared with 
testfunctions supported in O C M. Clearly these local algebras fulfill isotony, C 
21(02) if Oi C O2. Since A(a;i, X2) = for spacelike related points, the local algebras also 
satisfy spacehke commutativity, [2l(Ci), 2l(C2)] = {0} if Oi and O2 are spacehke. 

A state in the algebraic framework is by definition a positive, normalized linear func- 
tional on a; : 21 — > C, i.e., a linear functional with the properties uj{a*a) > for all a G 21 
and a;(]I) = 1. The algebraic notion of state is related to the usual Hilbert-space notion 
of state via the so-called "GNS-theorem" , which says that for any algebraic state a;, there 
exists a representation of 21 on a Hilbert space J^, and a cyclic vector 1^1^^) such that 
00(0) — {Qi^\ni^{a)Qi^) for all a G 21. If the state in question had been obtained from 
some set u\ of positive frequency solutions to the Klein- Gordon equation, then the GNS- 
construction gives the usual representation of the field operators on Fock space (with 
the Fock vacuum), $(a;) = '^xO,^u^{x) + a^M^(x), where are the creation operators 
corresponding to the modes Ux. The multilinear functionals on ^(M) defined by 



are called "n-point functions" (of the state cu). A state is called "quasifree" if it has a 
vanishing one-point function and vanishing truncated n-point functions for n > 2. Prime 
examples for quasifree states are the states obtained from some set of positive frequency 
solutions Ux- A state is called "globally Hadamard" if its two-point function has no 
spacelike singularities and if its symmetrized two-point function locally has the form of a 
Hadamard fundamental solution, H, given by 



Here, a is the signed, squared geodesic distance between xi and X2, u and v are certain 
smooth, symmetric functions constructed from the metric, "P" means the principal value, 
and w is a smooth, symmetric function depending on the state. For a mathematically 




(/l,...,/n)=^*(/l)...*(/n)) 



H{xi, X2) = u{xi, X2) P(cr ^) + v{xi, X2) In \a\ + w{xi, X2). 
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precise definition of tliese quantities and of tlie statement that "tfiere are no spacelike 
singularities", we refer to [T^. There exists an alternative, equivalent characterization of 
globally Hadamard states in terms of the wave front set (for a definition of this concept, 
see [TT]) of their two-point function, due to Radzikowski [Hj, which plays a crucial role 
in the construction of normal orderd Wick products |^ (given in the next subsection), 
and of time ordered products |3j in curved spacetime. Namely, a state is Hadamard, if its 
two-point function has the following wave front set: 

WF(a;(2)) = {(xi,fci,X2,-A;2) G {T*Mf\{0} \ {x^,k,) ~ (x^, ^2), A;2 > 0}. 

Here, the notation (xi, ki) ~ (0:2, ^2) means that xi and X2 can be joined by a null geodesic 
and that ki and k2 are cotangent and coparallel to this geodesic. fc> means that ka is 
future pointing. 



2.2 Review of Wick products of free fields in curved spacetime 

Brunetti, Fredenhagen and Kohler gave a construction of Wick products of free fields in 
curved spacetime (with respect to some arbitrarily chosen quasi-free reference Hadamard 
state cu), which generalizes the well-known construction of Wick products in Minkowski 
space. These quantities are not already contained in the algebra 21 of free fields and form 
the starting point for the perturbative construction of the interacting fields, which will be 
reviewed in the next subsection. 

To begin with, the authors of [2j first define "point-split Wick products" by 

(5" fl 

= ¥m^^^::sfi^r^ [5.<«(/./)n + »(/)^ ^^^^ 

where the field operators $ on the right side of this equation mean the representers of 
the corresponding algebraic elements in the GNS-representation of uj. (We note here 
that this normal ordering prescription is equivalent to usual one defined in terms of 
creation and destruction operators. More precisely, suppose that the state u in question 
had been obtained from some set u\ of positive frequency solutions to the Klein-Gordon 
equation. One could then normal order the product $(xi) . . . ^{xn) by shifting all the 
creation operators (corresponding to the modes U\) in that expression the left of 
all destruction operators. It is not hard to see that the operator obtained in this way 
is identical to the operator : $(a;i) . . . $(a;„) -.^1 defined above.) pi demonstrated that the 
above Wick products are well-defined operator- valued distributions on M" = M x ■ ■ ■ x M 
(n factors) on a dense invariant domain in the GNS-Hilbert space and that they 
posses well-defined restrictions to all partial diagonals in M". (A "partial diagonal" is a 
subset of M" of the form 

A„,„..,„^,(M) = {(xi, . . . , xi, . . . , x„ . . . , X,-) I X, G M, z = 1, . . . , j} ^ MK) 
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The restriction of the point-spht Wick product to such a partial diagonal is called a 
"multi-local Wick product" and is denoted by : (a;i) . . . •I'"-' (xj) The restriction 
to the total diagonal, A„(M), of the point-split Wick product is simply called a "Wick 
monomial" and is denoted by : ^"'{x) i^;. We remark that while it is possible to define 
the point-split Wick products for any quasifree state, this is not so for the above Wick 
monomials (resp. multi-local Wick monomials). For the latter, it is crucial that one uses 
Hadamard states. 

We end this subsection by introducing some quantities and notions related to the 
above normal ordered Wick products. A linear combination of Wick monomials with co- 
efficients in ^(M) is called a "Wick polynomial". Wick monomials and Wick polynomials 
involving derivatives can be defined in a similar fashion from point-split Wick products 
of differentiated free fields. For any Wick-polynomial A without derivatives, we define a 
Wick polynomial |^ by 



For later purposes, we also find it convenient to define the degree, deg{A), of a Wick 
monomial A as the number of free field factors plus the number of derivatives in A. 

2.3 Review of perturbative interacting quantum field theory in 
curved spacetime 

The building blocks of perturbative interacting QFT (in the real-time formalism) are the 
time ordered products of Wick polynomials (in curved spacetime, the latter are defined 
with respect to some arbitrary reference Hadamard state uj, which shall be kept fixed for 
the rest of this section). The time ordered products are formally defined by 



"^(Ai(xi) . . . A^{Xn)) = J2 ^«i)-<2)) • • • ^«n-l)-4(n))^lK(l)) • • • M^nin))" , 



and Ai,i = 1, . . . ,n are Wick polynomials. Formula (P) for the time ordered products 
cannot in general be taken at face value, since the operator products appearing on the right 
hand side of this equation are in general too (short-distance-) singular to be multiplied by 
•(^-distributions, and therefore this equation is meaningless from a mathematical point of 
view."^ There are however ways to construct mathematically well-defined, "renormalized" 

''One aspect of this is that, if one naively 'calculates' the above formal expression for the time ordered 
products (e.g. by applying what is usually called the "naive Feynman rules") then one is faced with 
ultraviolet divergences which lead to meaningless infinite results. 



(1) 



where x' 



is a global time-coordinate on M, is the distribution defined by 
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operators 3^{Ai{xi) . . . An{xn)) which have the essential features of 'time orderedness' 
formally shared by the ill-defined expression on the right hand side of Eq. (^. The 
process of constructing such time ordered products as well-defined operators on (with 
some common, dense and invariant domain) is usually referred to as "renormalization" . 
This will be addressed in some more detail below; for the moment we assume that well- 
defined time ordered products have been constructed, and proceed by explaining how 
one can locally define interacting quantum fields, algebras of observables etc. from these 
(renormalized) time ordered products. 

The interaction of a Klein-Gordon field with itself is described by an interaction La- 
grangian =Sf (x) = XA{x), where A is the coupling strength and A is a Wick polynomial. In 
order to get a renormalizable theory A must be a Wick polynomial of degree less or equal 
than four.^ The corresponding S"- matrix, S'[.if], is defined, again formally, in terms of the 
renormalized time ordered products by the so-called "Gell Mann-Low formula" (viewed 
as a formal power series in the coupling strength A), 

°° -n r 
n=l ^' ^ 

In Minkowski space, one obtains from the S'-matrix — provided it exists (i.e., there is a 
suitable sense in which the above integrals converge at arbitrary order in perturbation 
theory) — the scattering amplitudes between asymptotic incoming and outgoing states. 
There are however (otherwise perfectly reasonable) theories, for which the S'-matrix does 
not properly exist, due to uncurable infrared divergences. Moreover, in curved spacetimes 
which are not asymptotically flat in the remote past and future (for example, spacetimes 
with an initial big-bang singularity), there is no well defined notion of a scattering process 
to begin with, regardless as to whether the above expression for the S'-matrix makes good 
mathematical sense or not. Although we think that for this reason the S'-matrix does not 
occupy any fundamental status in a generic curved spacetime, it is still of some value as 
a technical tool. For example, it can be used to construct the interacting theory locally 
on the algebraic level, as we shall briefly recall now (see ref. [3] for details). 

For this purpose, one first introduces a local version of the S'-matrix which is defined 
by the same formula as above, Eq. 0, but with the interaction Lagrangian replaced by 
the local quantity g{x)^{x) where g is a. smooth function of compact support. As a 
consequence the volume integrals in the expression for this local S-matrix now trivially 
converge. For any Wick-polynomial A{x) of free field operators one then introduces a 

^In order for the interaction to be local, one must further require that J^{x) should be 'locally defined 
in terms of the metric' (for a precise mathematical formulation of this requirement see e.g. |18j [item 2) 
on p. 89]). Such a requirement further reduces the possible form of ^{x). Further restrictions come 
from dimensional considerations. 
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corresponding interacting field operator (thought of as formal power series in A) by 

AMf) = S[g^]-'^^S[g^ + tfA] fe ^(M). (3) 



It is possible to expand the interacting field operators in terms of so-called "totally re- 
tarded products" (or .^-products): 

), (4) 



n=0 

where 



^{A{y)-Ai{xi)...An{xn)) 

" " " (5) 



{l,...,n} Vie/ / V j&I'= 



IC{ 

The ^-products are symmetric in xi, . . . , x„ and have support in the set {{y,xi, . . . , Xn) 
Xj G J^{y),j = 1, . . . , n}. The commutator of two interacting fields is given by 

°° /• 

X 



[Aig^iyi), A2g^{y2)] = z2^l /^g(^i) • • • f^sMgixi) . . . g{xn) 

n=0 ■ 

(^(^(yi); A2{y2)^{xi) . . . if (x„)) - ^(^2(2/2); A,iy,)^{xi) . . . if (x^)) , (6) 

see jHj for a proof of this formula. 

We come to the definition of local algebras 'Qly{0) of observables in the interacting 
theory |31IE]- Let (9 be a bounded open set in M with compact closure. For any compactly 
supported, smooth function g on M such that g \ O = 1 (we denote the set of such 
functions by "(9(0)) one first introduces the algebra 

%^{0) = (Ag^if) I / e ^{O), A a Wick-polynomial). 

Now one can prove that if g' is another function in 'i9(0), then there exists a unitary V 
such that 

AMf)V = VAMf) (7) 

for all / G !^{0) and any Wick polynomial A, thus showing that the algebraic structure 
of 2lg_^(0) is actually independent of the choice of g. This observation leads one to the 
following definition for the algebras of observables 21^^(0): Let yg,g'{0) be the set of 
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unitaries satisfying Eq. (|7j) for all / G !^{0) and all Wick polynomials A. Then the local 
algebras 2ljf(C) are by definition the algebras generated by the set of all families 

a = iag)g^^o), S e 2tg^(0), (8) 

with the property that agV = Vagi for all V G Yg^g^O) and for any two functions g,g' in 
d{0). The product and *-operation in this algebra are the obvious ones: 

{ah)g := aghg, {a*)g := a*. 

By definition, the algebra 2t^((9) contains for example the elements defined by a = 
(^gif (/))gGi3{ci)! where / G ^(O) and where A is an arbitrary Wick polynomial. In the 
following we denote such elements by A^{f). It is clear that if Oi C O2 are two spacetime 
regions with compact closure, then every element in 2t^((9i) can naturally be identified 
with an element in '^^{02), thus ^^{Oi) C 2t^(02)- One may therefore define the 
algebra of all observables in the interacting theory as the inductive limit, 21^ = Uo^^{0). 
It follows from Eq. ^ and the support properties of the .^-products that 

[AMfi),A2Af2)] = 

if the support of /i is spacelike related to the support of /2. This means that the net 
satisfies spacelike commutativity. 

In the previous paragraphs, we have indicated how quantities of interest in the in- 
teracting theory can be constructed from the time ordered products. In the remaining 
part of this subsection we briefly address the issue of constructing the time ordered prod- 
ucts themselves. Our discussion follows [3], who have generalized the methods of causal 
perturbation theory [7| HJ |T7l [T31 HHI in Minkowski space to general globally hyperbolic 
curved spacetimes. The main idea behind the causal approach is to construct the time 
ordered products by an inductive process based on their causal factorization properties. 
The induction proceeds by the order n in perturbation theory (= number of factors in the 
time ordered products). At first order, one sets ^{A{x)) := A{x) for any Wick monomial 
A. The inductive assumptions on the time ordered products at a given order n > 1 (they 
are satisfied at first order) are the following: 

Well-definedness: The time ordered products are well-defined operator valued distri- 
butions on some dense, invariant domain D^^ C J^uj- 

Causal factorization: 

^(Ai(a;i) . . . An{xn)) = ^(Ai(a;i) . . . An{xk))^iA^ixk+i) ■ ■ ■ A„(x„)) 

if 

Xj ^ J~{xi), for alH = 1, . . . , A; and j = k + 1, . . . ,n, 
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i.e., the time ordered products factorize if every point in one set of points is in the past 
of another set of points. 

Permutation symmetry: The time ordered product are symmetric under permutations 
of the arguments. 

Unitarity: 



J^i-ir^^^U^iUMxA, (N2) 
V lev \iei / 



where V runs over all partitions of {1, ... , n} into pairwise disjoint subsets. 

Remark: This condition is equivalent to requiring that the S'-matrix is unitary in the 
sense of formal power series of operators. 

Wick expansion: Let Ai, i = 1, . . . ,n he Wick polynomials without derivatives. Then 



where 

t^{Xi,...,Xn) = { 



(That the products between the various distributions in Eq. indeed exist can be 
derived from the upper bound on the wave front set of the given below, and a similar 
bound on the wave front set of the Wick products. For details see j3 Microlocal Thm. 
0].) In our subsequent discussions, we will often use the following consequence of Eq. (0): 

n 

i=i 

Here, the time ordered products involving commutators on the r.h.s. are understood to 
mean the expression obtained by replacing [^^(xj), $(?/)] with i^{xj,y)^^{xj) and by 
pulling the commutator functions out of the time ordered product. 

Remark: An expansion formula similar to Eq. © holds also for time ordered products 
of Wick polynomials containing differentiated field operators, it can e.g. be found in |13j . 
As for the case of undifferentiated Wick polynomials, this implies Eq. ()N3|1 . where it is 
now understood that the expressions [Aj(xj), $(|/)] are to be written in terms of suitably 
differentiated commutator functions and suitable sub- Wick polynomials of Aj, see e.g. 

Microlocal spectrum condition: The wave front set of the scalar time ordered distri- 
butions tn defined by 

= {^^\^{Ai{xi) . . . An{Xn))^u) (10) 
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is contained in a certain set C (T*M)"\{0}, which is defined as follows: By definition, 
a point {xi, ki] . . . ; Xn, kn) € (T*M)"\{0} is in if and only if (a) there exist nuU- 
geodesics 71, ... ,7^ which connect any point Xj in the set {xi, . . . ,x„} to some other 
point in that set, (b) there exists coparallel, cotangent covectorfields pi, . . . ,pm along these 
geodesies such that pi>0 if the starting point of 7/ is not in the causal past of the end point 
of 7;, (c) for the covector kj over the point Xj it holds that kj = J2ePe(^j) ~ Ss^'s(^i)' 
where the index e runs through all nuU-geodesics ending at Xj and s runs through all 
nuU-geodesics starting at Xj. 

Remark: The microlocal spectrum condition may be regarded as an analogue of the 
ususal spectrum condition in Minkowski spacetime. 

The next requirement asks that the distributions tn, defined in Eq. (fTTH) . have a certain 
scaling behaviour — roughly speaking, a certain "asymptotic degree of homogeneity" — at 
the total diagonal A„(M) in M", which is compatible with the above microlocal spectrum 
condition. Mathematically, this can be expressed using the notion of the "microlocal 
scaling degree" /isd(t) of a distribution t, introduced in For a mathematically precise 
definition of this concept and some of its properties and related results, we refer to [Sj. 

Microlocal scaling degree: The distributions t„, defined in Eq. fll()|l . have microlocal 
scaling degree 



with respect to some cone F„ (related to T^) at the total diagonal A„(M). In other 
words, the scaling behaviour of the time ordered products has to follow what is usually 
called a "power counting rule". 

Let us assume now that time ordered products with the above properties have been con- 
structed up to order n. Then, by the causal factorization property, it can be seen that 
those of order n + 1 are already given as (operator-valued) distributions on the space 
M""'"^\A„_,.i(M), i.e., away from the total diagonal. The remaining task is thus to extend 
these distributions to the entire space M"+^. It turns out that this is indeed possible and 
that the extension can be performed in such a way that the so-defined time ordered prod- 
ucts at order n+1 satisfy the requirements of causal factorization, permutation symmetry, 
unitarity, microlocal scaling degree and Wick expansion. However, the extension of these 
products to the total diagonal is in general not unique. Instead, there exist in general dif- 
ferent extensions with the desired properties differing from each other by what is usually 
called a "finite renormalization ambiguity" ^ . The imposition of the above requirements on 
the time ordered products implies that this ambiguity must have a specific form. Firstly, 
by the Wick expansion property, the ambiguity in extending the time ordered products 

^Of course finite renormalization ambiguities appear, in different guise, also in all other renormalization 
procedures. 




(11) 
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to the total diagonal is reduced to an ambiguity in extending the C-number distributions 
tn+i- The scaling degree requirement then further reduces that ambiguity to the choice 
of some set of smooth tensor fields on M. In order to make the latter statement more 
precise, we find it convenient to first introduce the notion of a "symbol". Let us denote 
points in T*M x ■ ■ ■ x T*M {n copies) by (y, k) = {y, h, . . . , A;„). 

Definition 2.1. A "symbol" 6 is a map of the form 

p 

b(y,k) = Y, Yl K'-""'{y)Kii)a,...K(m)a^, 

m=0 7reP(m,7i) 

where P(m, n) is the set of all maps vr of the set {!,..., m} to the set {!,..., n}, and 
where the - are smooth tensor fields of rank m over M. The order deg(6) of a 
symbol is defined as the maximum rank of all nonzero tensor fields appearing in the 
above expression. The principal part (Jb{y,k) of a symbol b is by definition the symbol 
obtained by collecting all terms in the above expression which contain nonzero tensor 
fields of rank deg(6). 

Any symbol b defines a distribution B G ^'(Af "+^) by the formula 

B{y,x) = b{y,-tV)6{y,x). (12) 

Here, we have used the abbreviations V = (V^'S . . . , V"^"), x = (xi,...,a;„) as well 
as S{y,x) = YYj=i^{yy^j) with S the covariant delta function on M. Conversely, any 
distribution B supported on the total diagonal in M""*"^ and with microlocal scaling 
degree /xsd(-B) < oo at the diagonal arises in the above form for a symbol b of degree 
< /xsd(E) - An. 

Now [S] showed that the imposition of the Wick expansion and the scaling requirements 
reduce the ambiguity in defining tn+i{y, Xi, . . . , Xn) to a distribution supported on the total 
diagonal with a microlocal scaling degree given by Eq. (fTT|) . Therefore, by what we just 
said, it must be of the form Eq. (|T^ . where b is some symbol of degree < fisd(tn+i) — 4n, 
whose form is further constrained by the unitarity and symmetry requirements. In a 
renormalizable theory, the maximum microlocal scaling degree of the distributions tn+i 
appearing in the expansion for the time ordered products, Eq. @, does not increase with 
the order n in perturbation theory. In the case at hand, these are the ones for which the 
interaction Lagrangian Jif has degree less or equal than four. 

In this work, we need to impose a further normalization condition on the time ordered 
products (A proof of this for Minkowski space is given in [12] , it can be adapted to curved 
spacetimes) : 
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Equations of motion: 



(□g - m^^iAiixi) . ..AnixnMy)) 

= r J2 S{y, x,)^ U,{x,) ...-g^ixj)... A^ixn) j , (N4) 
j=i \ / 

where we assume here, as will always be the case in the following, that the Aj contain no 
derivatives. This condition ensures that the interacting field $^ satisfies the non-linear 
equations of motion, in the sense that 

(□g - m^)^g^{x) = -g{d^/d^)g^{x), for all g e '(?(C>) and x e O. 

3 Local implementation of spacetime symmetries for 
self-interacting theories on curved spacetime by 
Noether charges 

Let us suppose now that gab admits a nowhere vanishing Killing vcctorficld i.e. £^ga6 = 
V(aCfe) = 0, and let us denote by ^* : M ^ M the flow generated by that Killing field. The 
flow ijj^ naturally induces a 1-parameter group of automorphisms at on the algebra 21 of 
free quantum fields on M by at{^{f)) = $(/ o ijj'^). Let us make the further assumption 
that there exists a quasifree Hadamard state a; on 21 for which u!{at{a)) — a; (a) for all 
a e 21, i e M, or equivalently, one for which 

_ ^(2) fQj, ^ g ^_ ^^3) 

Then there is a strongly continuous 1-parameter group of unitaries {U{t)}teR (with gen- 
erator H) on the GNS-Hilbcrtspace which generates this flow on the fleld operators 
(in the GNS-representation corresponding to a;), i.e., $(/ otp^^) = U{t)^{f)U{t)~^ for all 

3.1 The action of the symmetry group on the algebra of inter- 
acting fields 

Let us assume that the interaction Lagrangian =Sf is invariant under the spacetime sym- 
metry, i.e., JSf(/o -0-*) = U{t)^{f)U{t)+ for all / e ^(M). Then it is possible to define 
an action of the 1-parameter group of spacetime symmetries {■0*}tgM by *-automorphisms 
a on the algebra of interacting fields which satisfy 

«^,t(2l^(0))= 21^(^*0). 
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for all bounded open regions O C M, where ip^O denotes the transported region. In order 
to construct these automorphisms, we need to impose a further normalization condition. 

Covariance: Let Aj, j = 1, . . . ,n he Wick monomials. Then we demand that 

^{A,{^\x^)) . . . A^i^'ixn))) = U{t)^{A^{x^) . . . A„(x„))?7(t)+. (14) 

Remark: We will not give a full proof here that the covariance requirement can indeed 
be satisfied, but rather only sketch the main arguments. Firstly, the multilocal Wick 
products : (xi) . . . i^; by definition satisfy the covariance requirement, since the 

free field transforms as ^{ip*{x)) = U{t)^{x)U{t)~^ and since the two-point function cu^'^^ 
is by assumption invariant under ip^. In view of the expansion property, covariance of the 
time ordered products is therefore equivalent to ip^^t^ = tn for all C-number distributions 
tn of the form Eq. (fTO|l . As described in the preceeding section, the distributions tn at a 
given order n are obtained by an extension procedure from those at order < n. The crucial 
ingredient in that extension procedure [H] is a projection operator Wn '■ S'{M^) — ^ ^(M") 
which maps any given testfunction to a testfunction that vanishes on the total diagonal 
A„(M) together with a fixed number of its derivatives (that number is actually equal to 
the singular degree of given by /isd(t„) — 4(n — 1)). In order to prove the existence of an 
extension t„ which is invariant under ip^, it is therefore sufficient to prove that there is a 
T/'^-invariant choice for Wn for all n, i.e., a choice for Wn-, which commutes with the action 
of ip** on testfunctions, Wn o ip^* = o Wn- The crucial ingredient in the construction 
of Wn (which potentially threatens the validity of this equation) is some bump function 
w G ^{M X M) which is equal to one in a neighbourhood of A2(M). Now, using the fact 
that is by definition nowhere vanishing, one can construct a bump function w which 
is invariant under ip^, i.e., one for which iIj^*w = w. It is not difficult to see that one can 
obtain from this a Wn which is invariant under tp^, leading thus to invariant distributions 
tn at every order in perturbation theory. 

Now, given an element a G 2tjf(0), i.e., a family a = {ag)g(z^(^o) with G ^g^{0) and 
the property that Vag' = QgV for all V G Yg^g'^O), we define a family {(y^,t{ci)g)ge-&{i(>w) 
of elements aj^^t{o,)g G ^gj^{ip^O) by 

aj^Aa)g = U{t)ago^tU{ty- (15) 

We first want to show that this map defines an element in %^[ip*0)- This means that we 
have to verify that 

Vaj^Aa)gi = aj^Aa)gV (16) 

for all V G Yg^g^ip^O)- A moment of refiection shows that this is the case if V{t) : = 
U{t)^VU{t) can be shown to be in the intertwiner space 1goi/;',g'oV'*(C'). In order to see 
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the latter, let us take an arbitrary Wick polynomial A and an / G ^{O). Then, from the 
covariance requirement and the invariance of J^, we get 

V{t)AgorAf) = V{t)U{t)+A^^{foij-')U{t) 

= f/(t) + \/A,^(/o^-*)f/(t) 

= U{t)+Ag,^ifoi,~')VU{t) 

where in the second line we have used the expression (@)) for the interacting field operators 
in terms of totally retarded products. Therefore a^,j(a) is a well-defined element in 
It is clear from its definition that a^^t respects the product and *-operation in 
and that a^^t+t' = Oi^^t ° Cij^,t'- We have thus defined a 1-parameter group of 
automorphism as claimed. 

Clearly, if there is no self-interaction, ^ = 0, the automorphism a j^^t coincides with 
the above defined automorphism at on the algebras of free fields. By definition, we also 
have that 

for any interacting operator A_^{f) defined from a Wick polynomial A. The generator of 
the 1-parameter group {a^,t}<GR is given by the derivation 

The action of that derivation on elements of the form A^{f) it is given by S^{A^{f)) = 
3.2 Implementation of by a local operator 

The aim of this subsection is to show that for any bounded region O C M, and any 
bounded, open, globally hyperbolic region O strongly containing O, there exists a charge 
operator Qj^ contained in 21^^(0), which implements the infinitesimal action 6^ of the 
spacetime symmetries on 2t^(0), 

= [Qj^, a], for all a E 

and which arises, in some sense, as a surface-integral of an interacting Noether current- 
density corresponding to the symmetry As a preparation, we first consider the free-field 
case (i.e., =Sf = 0). 
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3.2.1 Free fields 



We consider the covariantly conserved free current-density = 6"^6, where 

Wc now construct from a free charge operator Q in 2t((9), which implements the 
infinitesimal action of the symmetry on 2l(0). In order to do so, we choose the following 

"Technical data": 

• A Cauchy surface E in O and Gaussian coordinates around E, described by the map 

[— e, e] xT, 3 (t,x) i-^ Exp^tn*^ G M, where n" is the surface normal of S. (Note 
that this implies that the vectorfield — {d/dtY satisfies — —1, rf'V a^i^ = 
and V[anb] = near S.) 

• An open subset E C S such that O C D{T,) C O and a function / G S>{0) which can 
be written as f{x) = p{t{x)) on a neighbourhood of J{0) H O, where p is a smooth, 
real valued function with compact support on [— e, e] such that J p{x^) dx^ = 1, and 
e is chosen so small that Exp^tn" is contained in O for all x G E and \t\ < e. (Note 
that this imphes that h^-bVaf = on J{0) n O, where h"'' = g"** + n"n^) 

We have the following Lemma: 

Lemma 3.1. The operator 

Q^rinaf) = Q''\naU) (17) 

generates the Killing symmetry on all observables localized in O, 6{a) = [Q,a] for all 
a G 2l(0) and for any /, as in "technical data" . In other words, 

[Q, $(x)] = i^Va^x) for all x e O. 

Remark: Note that Q is morally given by an surface integral over a Cauchy surface of 
the time-component of j". This is clear because the function f{x) is of the form p{t{x)) on 
J{0) n O for some bump function p, which one can imagine to be given by an "infinitely 
sharp spike". 

Proof. One computes 

[Q,^x)] = f [eabiy),Hx)]fn^e{y)^^M 

J M 

= i f (/n("^''H?/)Va$(?/)V^A(x,?/) + V»(/n"6)(?/)^(?/)V^A(a;,?/))/Xg(y) 
Jj{0) ^ ^ 

■^It follows from the equations of motion that V&ab = 0, therefore Vaj" = Va9"''^(, + Q''''V(a^b) = 0. 
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where in the second hne we have performed a partial integration and used the equations 
of motion. On the other hand 

Jj{0) ^ ' 

^ -i\ U{y) VI (e''V^A(x,y)))nV(y)/^g(y) 
Jj{0) ^ ^ 

where in the second hne we have used that ^"V^A(a;, |/) = — ^"V^A(a;, y), which holds 
because ^" is a KiUing field. This gives 

zrv„*(x) = I [ (fn^''e\y)^aHyM^{x,y) 

Jj{0) ^ 

- {fn'v,C{y) - v,{fn'^e){y)MyMHx,y)) /^g(2/), 

So, in order to prove the lemma, we must show that 

on J{0) nO. The left side of this equation is equal to 

l.s. = fn''V,e + {e^bfK + e'^bn''f-n'VhCf 

= n^n'VJn%+[^,nrf, 
where we have used that Va{" = by Killing's equation. The hand side is given by 

r.s. = ^-fn% + fi^.V'n' + nbV''C') 

= n''n'^Wcfn%+[tnrf, 

where we have used that V^"^^) = 0, V["n^l = and that /i^^VV = on J{0)nd. Hence 
both sides are equal, thus proving the lemma. □ 

3.2.2 Interacting fields 

Let / be a function of compact support in O and a timelike vectorfield, with the 
properties described in the previous subsection under "technical data" . For any function 
gf in 't?(C) we define an interacting current density by 
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where the operator j^^ is given by 



fMha) = S[g^]-'—S[g^ + thS] = QfAha^b), 

with the free current density. By analogy with the free charge, we next define an 
interacting charge by 

Our main resuh is that the interacting current density is conserved and the the 
corresponding charge operator Qy E 2t_^(C') generates the symmetry induced by ^" on 
the algebra 2t_sf((9). We formulate this as a theorem: 

Theorem 3.1. The interacting current density is conserved, 

VaJgA^) = for all X e O and g G i3{d), (18) 

in the sense of formal power series in the coupling constant A. The interacting charge 
implements the infinitesimal action of the spacetime symmetry on interacting fields in 
the sense that S^{a) = [Qy,a] for all a G 2t_sf (O). In other words 

[Qgj^, AM^)] = tC'^aAM^) for all X e O and g G ^(6), (19) 

and for any Wick polynomial A. (This holds for any choice of function / and time- 
like vectorfield with the properties described in the previous section under "technical 
data".) 

Proof. The proof of the above result is divided into two parts. In the first part, we show 
that the time ordered products can be normalized in such a way that the interacting 
current density is covariantly conserved. A proof of this requires the demonstration 
of a corresponding set of Ward identities, see Eq. ()2()|1 below. A proof of a similar set 
of Ward identities for the stress energy tensor in Minkowski space was previously given 
independently by [T3j and [H]. Our proof of the Ward identities follows [121 closely, 
up to the point at which one has to remove the anomaly. Here the methods of the present 
paper differ from those of [iHj and jH], which are based on momentum space techniques 
and therefore not suitable in the present context. In the second part we then demonstrate 
(by a chain of arguments somewhat similar to the one given in ^1 pp 50-51]) that 
conservation of the interacting current implies the second statement of the theorem, Eq. 

(HI. 

In order to show conservation of the interacting current, we first expand J^^ in terms 
of totally retarded products (cf. Eq. (jlj), and express these by products of time ordered 
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products (cf. Eq. (0)). It is then not difficult to see that Eq. (fTHj) is equivalent to the set 
of Ward identities 

n 

Vl^{f{y)Ar{x,) . . . A^Xn)) = i ^iv^ ^.O^V^^ ^(Ai(xi) (20) 

i=i 

for all n = 1, 2, . . . and all possible sub- Wick monomials Aj,j = 1, . . . , n of ^ (which 
therefore do not contain derivatives). A proof of the Ward identities, Eq. ((201); is given 
in the Appendix. 

We now show that the Ward identities imply Eq. (fTIUl . Assume ffist that J~{x) fl 
supp(/) = 0. Then it is easy to see that there is a function F G ^{O) for which V^F = 
71°' f on some neighbourhood of J^{x) fl O and for which F = 1 in some neighbourhood 
of X. We then have 

[jaj^M),Agj^{x)] = ^—^ f^s{x)g{xi) . ..g{xn) x 

j f^Mn°f{y)(^^{f{y);A{x)M2l))-mMxy,r{y)M3l))), 

where we have used the abbreviation =^(x) = =^(xi) . . . .if (a:„). By the support properties 
of / and the support properties of the totally retarded products, this is equal to 

= Hi^)^'^iy)9{^l)■■■9MyaF{y)M{f{y)■A{x)^{x)). 

n=0 ■ 

We next use the Ward identities for the ^^-products (which are easily obtained from the 
Ward-identities Eq. ()20|1 for the ^-products and formula Eq. This gives 

= /^g(a;)/ig(y)^7(a;i)...^7(a;„)F(y)5(y,a;)rV^^(A(a;);^(a;)) 

n=0 ■ 

+ / ^^^{^)^^M9{x,) . . .g{x^)F{y)Y,Ky.^,)i''^V^{'^{^,y.M^^^ 

n=l ^' •' j=l 

where ^\j{x) = .if (xi) . . . ^(xj) . . . =Sf (x„). We observe that the ffist sum is just 
'i'^°'^aAgjf{x). Performing the Xj-integrations in the second term, using that V^F = n°'f 
on a neighbourhood of J^{x) flO, and observing that the ^/-support of ^%{^{y)] A{x) . . . ) 
is contained in J+(x) fl O, we find that the above expression is equal to 

= iC^aAgj^ix) 
n=l ■ j=l 

g{x,) . ..i{x,) . ..gixn)nJiy)MigC^iyy,Aix)^\jix)). 
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But the terms under the sum over j are all equal, by the symmetry of the .^-products, 
therefore this expression is (we shift the first summation index) 



OO n 

n=0 ■ 

Now, again using that supp(/) fl J^{x) = and the support properties of the totally 
retarded products, we see that we may add the term S$(A{x)\ qt"-^{y)^{x)) under the 
integral, because this does not make any contribution. This then makes it obvious that 
the above expression is just 

= iC^aAg^x) - [ge^gj^M),Ag^{x)], 

which proves Eq. (fTIHl if supp(/) fl J~{x) = 0. By a similar chain of arguments, one can 
prove that Eq. (fTII|l also holds if instead supp(/) fl J~^{x) = 0. We will now show that the 
general case follows from these two facts. To this end, we will show that, for an arbitrary 
/ as in "technical data" , one can always construct a function / with the same properties 
as / and with the additional properties that: supp(/) C supp(/), there holds either that 
J+(x) n supp(/) = or J~{x) n supp(/) = and 

(/ - fK = (21) 
in a neighbourhood of J{x) fl O, where F G !^{0). We may thus write 

[J^Anaf), AMx)] = [J^Anaf), AMx)] + [J^AMf - /)), A^x)] 

= tC'^aAM^) + [JgA^aF),AgAx)] 



where in the last line we have used the fact that we already know Eq. fll9j) for functions 
like /. This then proves the theorem, because Jgj^iy aF) = 0, by current conservation. 

It thus remains to construct an / as in "technical data" in the previous subsection, 
such that in addition Eq. (PT|) holds. Now recall that / is of the form f{x) = p{t{x)) 
in a neighbourhood of J{0) fl O where p is a compactly supported smooth function 
on [— e, e] such that J p{y^)dy^ = 1. Let us choose a p with supp(p) C supp(p) such 
that either t{x) > sup supp(p) or t{x) < inf supp(p), and a function / e ^{O) satisfying 
f{x) = p{t{x)) on J{0)nO. This function then clearly satisfies either supp(/)n J+(a;) = 
or supp(/) n J+(x) = 0. Let us define 

rt(y) 

F{y) = / p{y') - p{y') dy' (22) 

J — OO 
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for y G J{0) n O. It is clear that F can be continued smoothly to a function in ^((9). By 
definition of F, Eq. (pij) holds in a neighbourhood of J(x) fl O. We have thus constructed 
a / with the desired properties, thus finishing the proof. □ 
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4 Appendix: Proof of the Ward identities, Eq. (E 

Proof. We want to prove the Ward identities by an induction on n and the total degree 
of the Wick monomials defined hy u := X]j=i deg(Aj). Let us write D{y,xi, . . . , x„) for 
the left hand side minus the right hand side of Eq. (j20|) . i.e., the anomaly and let us 
inductively assume that the Ward identities can be satisfied for some n and some order 
uj. The logic of the induction step is the following. In Step 1), we show that the Ward 
identities for uj + 1 and n, can be reduced to the scalar identity obtained by taking the 
vacuum expectation value of Eq. ((201) • It is argued in Step 3) that these can be satisfied. 
By what we have just said, it is then sufficient to show the Ward identities for (n + 1), p, 
when one of the Aj is equal to $. Again, arguing as in Step 1), only the scalar identity 
has to be proven. This is done in Step 2). 

Step 1: We want to show that D{y, multiple of the identity operator. 

To show this, we first demonstrate that it commutes with any free field operator. We 
have 

[Diy, x), <^iz)] = Vl^r {[f{y), ^{z)]A,{xr) . . . + 

I A(^., z) (f{y) . . . ^(x,) . . . + 

j=i V / 

I J2 s{y, ^.orv^a^ E ( ^i(^i) • • • ^(^^) • • • ^-(^-) ) • 

j=l k=l ^ ^ 

To proceed, we calculate 
[fiy), $(^)] = t h^''^y)V'^A{y, z) - g«^(V'^$(?/)V,A(2/, z) + m'^{y)A{y, z))]Uy)- 
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We now demand that time ordered products containing a once differentiated free-field 
factor satisfy tlie following normalization condition^ 

^(V,<f (y)Ai(a;i) . . . = V^^(<f (y)Ai(xi) . . . A„(x„)). 

The above expression for [j"-{y),^{z)] together with the normalization condition (N4) 
then gives: 



Vl^{[r{y),^z)]A^{x^)...A^{x„)) = 

I J2 ^i^v y)C^aA{y, z) f7 i Ai(xi) . . . -^(x,) . . . . (23) 

From this, we obtain 



[D{y,x)Mz)] =iY,^^{x,,z)\vi^ (^f{y) . . . 



J2 ^iy, ^k)C^7 (ai(xi) . . . |^(x,) . . . A^{xS\ 
k=\ ^ ' 



Now the expression in braces vanishes by the Ward identities at total degree less than a;, 
showing thus that D commutes with the free field. By the Wick expansion requirement, 
the operator D must be a linear combination of (multi-local) Wick products with distri- 
butional coefficients. Now it can be seen that any operator of this form which commutes 
with a free field is in fact a multiple of the identity, showing thus that D is a C-number. 

We next want to show that the numerical distribution D is localized at a;i = ■ ■ ■ = 
Xn = y- In order to see this, note that for any point M"+-^ 3 (xi, . . . , x„, y) 7^ {y, . . . ,y), 
one can find a Cauchy surface S in M which separates some points, {xjjjgj^j^a say, from 
the other points {xj}j^j and y. Without loss of generality we assume that the latter are 
in not in the causal past of the first set of points. Then, by causal factorization and the 
induction hypothesis, we have 



D{y,xi,...,Xn) = D{y,{xj}j^j) ST T\Aj{xj) 

^ ' \]h J 



Therefore we conclude D{y,x) is a scalar distribution supported on the total diagonal in 



®This condition is essentially equivalent to a generalization of (N4) to time ordered products containing 
a once differentiated free field factor. For a more detailed discussion, see |^| p. 52]. 
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Step 2: We show that the scalar Ward identities hold for n + 1 factors when one of the 
Wick monomials is a free field. We find from the formula for the time ordered products 
with a free field factor, Eq. ()N4jl . that 



{n^\:7{r{yMx)Ai{x,) . . . An{xn))n^) 



i Ai?(a;, xj] 



a, 



,^^r{y)A^{x^) 



dA^ 
9$ 



(Xj) . . . An{Xn) ) 



- iCiy)iVi>AFiy,x) (fi^, ^ {V'^y)A,{x,) . . ^^.> 
+ m^Apiy, x) {nj^ my)Ai{xi) . . . A„(x„)) n^)) 

where Ap = cu^'^^ + zA^ is the Feynman propagator. From this one obtains 

{QJ3r{r{y)<l>{x)A^{x,) . . . 



iJ2^f{x,x,)VI{Q. 



^[riy)A^ix^ 



[Xi 



+ tCVaApiy, x)(ng - m')y (QJ^ my)A,{xi) . . . Q^) 
+ i5{y, x) (fi^l^ (rVa$(2/)Ai(xi) . . . An{xn)) fi.) . 



Now using condition ()N4jl and the Ward identities for n factors, one finds that this is 
equal to 



■ 5^ Ap(x,x,)%,x,)rV^'=(r]. 
j,k=l 



( Ai(xi) . . . ^(a^i) . . . A„(a;„) ) 



5$ ^"^^ 



AniXn) 1 ^( 



Hence we have shown that the scalar Ward identities hold for n factors if one of the factors 
is a free field. 

Step 3) : We now show that one can remove the anomaly by a suitable redefinition of 
the time ordered products. In order to do this, we first show that it is possible to write 
the C-number distribution D as the total divergence 



D{y,xi, 



VlD%y,xu...,Xn), 



(24) 
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of some vector-valued distribution D"^ which is supported on the total diagonal of M""''^ 
having microlocal scaling degree nsd{D) — 1 on the total diagonal and which is invariant 
under the flow ip^. It is clear that the redefined time ordered products 3^{j"'Ai . . . An) — 
D"^ ■ 1 then satisfy the Ward identities and all the other requirements, thus concluding 
the proof. 

Let us call a symbol b "invariant" if there holds h{ip^{y),k) = b{y,ip^*k) for all t G M. 
In addition to scalar valued symbols, we also want to consider tensor-valued symbols 
^ai...as_ xhese are defined in the same way as the ordinary symbols above, but with the 
difference that b"'^'''""'{y, k) is now a tensor in the tangent space at y. The rank and the 
principal part of such symbols are defined by analogy to the scalar case. An invariant, 
tensor-valued symbol is one for which fe^i'""" (■?/'*(?/), fc) = (?/,-?/'** fc) for all t. Any 

contraction or tensor product with gab, g"^, ^a, K or covariant derivative with respect to y 
of an invariant, tensor- valued symbol gives again a symbol of that kind. Any distribution 
B G ^'(M""*"^) which is supported on the total diagonal with microlocal scaling degree 
/xsd(i?) < oo (w.r.t. the total diagonal) and which is addition invariant under the flow 
'0* (such as for example D) arises in the form ()12|) from an invariant symbol b of degree 
/isd(-B) — 4n, and vice-versa. Analogous statements hold true for tensor-valued symbols. 

Let d be the invariant symbol corresponding to D. Let us assume that there exist 
vector-valued, invariant symbols d"" with the property that 

n 

Vld^'iyA) + d%y,k)J2^k,a = d{y,k) (25) 
i=i 

for all {y, k) G T*M x ■ ■ ■ x T*M, and let D° be the corresponding vector-valued, invariant 
distribution on M"+^ Then D"" satisfies Eq. (^^. It thus remains to construct a vector 
valued, invariant symbol rf" with the property Eq. (j2Sl)- In order to do that, we start with 
a lemma. 

Lemma 4.1. The distribution D (the anomaly) has the property D(l ® /) = for all 
/ G ^(M"), in other words 

/ D{y,x) fig{y) = 0. 

J M 

Proof. Let us chose a bounded region O containing the points xi, . . . , x„ and a function 
F which is equal to one on a neighbourhood of O and which has the property that 
VaF = Uafi — naf2 whcrc /i and /2 and are as under "Technical Data" in the previous 
section (with O taken to be M) and where in addition supp(/i)n J+((9) = and supp(/2)n 
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J {O) = 0. Then by causal factorization, 

J D{y,x)F{y)^^{y) = f{hna):^{A,{x,)...A^{x^))-^{A,{x,)...Ar,{xn))f{hna) 

n 

= ^(Ai(xi) . . . - ^(Ai(xi) . . . A„(x„))j'^(V„F) 

n 

- iY.i''Vl^Sr{A^{x^)...A^{x^)). 
i=i 

The second to last term vanishes by current conservation. Now by Lem. \^\.\\ we have 
[j'^(/i^a), = for all x G (9. Together with the Wick expansion requirement 

on the time ordered products, Eq. Q, one can conclude from this that 

Sr{A^{x^) . . . = [H, ^(Ai(xi) . . . , 

where H is the generator of the group U{t). Hence it remains to show that 

n 

[H, ^(Ai(xi) . . . - ^ CVl'^{Ai{xi) . . . A^ixn)) = 0. (26) 

But this equation is just the infinitesimal version of the covariance requirement, so the 
lemma is proven. □ 

The lemma says that 

/ [diy,-tV)f]iy,...,y)fi^iy) = for all / G ^(M"). (27) 

J M 

We are now going to show that this equation implies the existence of vector-valued, 
invariant symbols d°' satisfying Eq. ()25|1 . We do this by an induction in the degree p of d. 
If p = 0, then it is easy to see that Eq. (f?fjl already implies d = 0, so in that case Eq. 
can trivially be satisfied by choosing d"- = 0. Let us now assume that Eq. (jTTj) had been 
shown to imply the existence of vector- valued, invariant symbols d"" satisfying Eq. ()25|) . 
whenever the degree of d is less or equal to p — 1. We need to show that we can construct 
symbols c?" with the desired properties also if the degree of d is p. 

To do this, we want to exploit Eq. EZlby testing it with compactly supported functions 
/ of the form x® Vi where x = xi^i) ^ind r] = 77(^2, . . . , x„) are testfunctions in ^(M) 
and ^(M"~^) respectively. Let us expand d in terms of ki, 

d = ^'^'^^-''''ha, . . . ha, + d^'^'^'-'^^-'ha, • • • h,,., + " " " + d^"^ 
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where (^(™)«i---ap-m _ S"^^"'^'""'p-"^{y,k2, ■ ■ ■ ,kn) are tensor-valued, invariant symbols of 
degree m, depending on the indicated arguments. From Eq. (|7fjl with / = x ® 77 we 
conclude that 

p 



= Enr'"/ v.,...v.,_x(y)M^'"^''^•■"--(y,-^v^^•••,-^v^")r]](y,...,y)M^ 

m=0 "^^^ 

= E*'"" / x(y)V:^,...V^^_[t/('")------(y,-zV-,...,-^V-)r^](|/,...,2/)M^^ 



^V^', • • • , ^V^")^](2/, • • • , 2/) Aig(l/), 

'M 

where the symbol p is defined by the last equation. This implies that 

[p{y, . . . , -iW")r]]{y, ...,?/) = for all y G M and G ^{M"-^). 

It follows from this that the symbol p vanishes (and hence also its principal symbol), in 
other words 

= ap{y, k2,..., kn) = 

m=0 ji,...,jp_,„^l 

The point is now that the right side of this equation is actually 

= ad{y, ki = -k2 ^2, . . . , kn), 

which shows that 

n 

(Td{y,k) = h\y,k)Ykja (28) 

for some vector- valued, invariant symbol 6° of degree less or equal to p — 1. Let us now 
set 

n 

r{y,k) := d{y,k) - Vlh\yA) - h\yA)Y'^^- 

i=i 

r is by definition an invariant, vector- valued symbol of degree < p — 1. By construction, 
r satisfies satisfies Eq. (j2Zj). Thus we can apply the induction hypothesis and conclude 
that there are invariant, vector- valued symbols r"" of degree < p — 2 such that 

n 

Vlr\yA)+r\yA)Y'^i- = ^(^'^)- 
i=i 

From this one immediately concludes that the invariant, vector- valued symbol d"- = r°'-\-b°' 
satisfies Eq. ((23), thus concluding the proof. □ 
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